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ON THE BICANONICAL MAP OF PRIMITIVE VARIETIES
WITH q(X) = dimX: THE DEGREE AND THE EULER NUMBER
LEI ZHANG
Abstract. Let X be a variety of maximal Albanese dimension and of general
type. Assume that q(X) = dimX, the Albanese variety Alb(X) is a simple
abelian variety, and the bicanonical map is not birational. We prove that the
Euler number χ(X, ωX) is equal to 1, and |2KX | separates two distinct points
over the same general point on Alb(X) via albX (Theorem 1.1).
1. Introductions
Let X be a smooth complex projective variety of maximal Albanese dimension
(m.A.d. for short) and of general type. Recall that tricanonical map is birational
onto its image (cf. [CH2] and [JMT]). It is interesting to consider the birationality
of its bicanonical map. Let us recall the following results.
Assume moreover that the bicanonical map of X is not birational. Then
I If X is a surface, then either X is fibered by curves of genus 2 (the standard
case), or
(i) if q(X) > 2, then X is birationally equivalent to a theta divisor of a
principally polarized abelian variety (p.p.a.v. for short) of dimension
3 (cf. [CCM]);
(ii) if q(X) = 2, then X is birational to a double cover of a simple prin-
cipally polarized abelian surface A branched along a divisor B ∈ |2Θ|
(cf. [CCM], [CFM], [CM]).
II (i) If X is a primitive variety (cf. Def. 2.11) with q(X) > dimX , then it
is birational to a theta divisor of a p.p.a.v. (cf. [BLNP]).
(ii) If X is not necessarily primitive, then gv(ωX) ≤ 1, and the Albanese
image is fibred by subvarieties of codimension at most 1 of an Abelian
subvariety of Alb(X) (cf. [Lah]).
If X has a fibration f : X → Y with general fibers having non-birational bi-
canonical map, then the bicanonical map of X is not birational. It is known that a
non-primitive variety always has an irregular fibration by generic vanishing theorem
(cf. Theorem 2.7). Therefore, it is of special interest to study the bicanonical map
of primitive varieties or those with simple Albanese varieties.
For the bicanonical map of primitive varieties, when q(X) > dimX , it is com-
pletely clear by the results of I(i) and II(i); when q(X) = dimX , it is not clear yet
except in dimension 2 (I(ii)), and it is conjectured that if Alb(X) is simple, then
Alb(X) is a p.p.a.v., and X is birational to a double cover of Alb(X) branched
along a divisor B ∈ |2Θ| (see also [Lah]).
In this paper, we study the case q(X) = dimX , the main result is
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Theorem 1.1 (Theorem 4.7, 4.11). Let X be a smooth complex projective variety
of general type with q(X) = dimX and maximal Albanese dimension. Suppose that
its bicanonical map is not birational and that Alb(X) is simple. Then χ(ωX) = 1,
and the linear system |2KX | separates two distinct points over the same general
point Alb(X) via the Albanese map.
This paper is organized as follows. In Section 2, we list the technical results
needed in this paper. In Section 3, we compare the Euler numbers of two irregular
varieties of m.A.d. and equipped with a generically finite surjective morphism. In
Section 4, we study the bicanonical map and prove our main theorem. Finally, in
Section 5 as an appendix, we give an inequality on the irregularity of a fibration,
and describe a certain fibration with the equality attained.
Conventions:
All varieties are assumed over C.
“≡” denotes the linear equivalence of line bundles or Cartier divisors respectively.
Let E be a vector bundle on a variety X . We denote the projective bundle by
PX(E) := ProjOX (⊕kS
k(E∗)) and the tautological line bundle by OPX (E)(1).
Let X be a projective variety. We denote by Db(X) be the bounded derived
category of coherent sheaves on X . Let f : X → Y be a morphism between two
smooth projective varieties. We denote by Rf∗ and Lf
∗ the derived functors of f∗
and f∗ respectively. We say an object E ∈ Db(X) is a sheaf if it is quasi-isomorphic
to (∼=) a sheaf in Db(X).
For a product X = X1 ×X2 × ... ×Xr of r varieties, pi denotes the projection
from X to the ith factor Xi.
For an abelian variety A, Aˆ denotes its dual Pic0(A), P denotes the Poincare´
line bundle on A × Aˆ, and the Fourier-Mukai transform RΦP : Db(A) → Db(Aˆ)
w.r.t. P is defined as
RΦP(F) := R(p2)∗(Lp
∗
1F ⊗ P);
similarly RΨP : D
b(Aˆ)→ Db(A) is defined as
RΨP(F) := R(p1)∗(Lp
∗
2F ⊗ P).
Since pi, i = 1, 2 are flat morphisms, RΦP and RΨP are two right derived functors.
If a : X → A is a map to an abelian variety, then Pa := (a × idAˆ)
∗P , and for
F ∈ Db(X), RΦPa(F) is defined similarly; and if α ∈ Aˆ, we often denote the line
bundle a∗α ∈ Pic0(X) by α for simplicity. For an irregular variety X , we usually
denote by albX : X → Alb(X) the Albanese map.
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2. Definitions and technical results
In this section, we collect some definitions and results needed in the sequel. First
recall that
Theorem 2.1 ([Mu] Thm. 2.2). Let A be an abelian variety of dimension d. Then
RΨP ◦RΦP = (−1)
∗
A[−d] and RΦP ◦RΨP = (−1)
∗
Aˆ
[−d].
2.1. GV-sheaves, M-regular sheaves and IT 0-sheaves.
Definition 2.2 ([PP] Def. 2.1, 2.2, 2.8, 2.10, [CH2] Def. 2.6). Given a coherent
sheaf F on an abelian variety A, its ith cohomological support locus is defined as
V i(F) := {α ∈ Pic0(A)|hi(F ⊗ α) > 0}.
The number gvi(F) := codimPic0(A)V
i(F) − i is called the ith generic vanishing
index of F ; gv(F) := mini>0{gvi(F)} is called the generic vanishing index of F .
We say F is a GV-sheaf (resp. M-regular sheaf) if gv(F) ≥ 0 (resp. > 0) and an
IT 0-sheaf if V i(F) = ∅ for i > 0.
Let X be an irregular variety equipped with a morphism to an abelian variety
a : X → A. Let F be a sheaf on X, its ith cohomological support locus w.r.t. a is
defined as
V i(F , a) := {α ∈ Pic0(A)|hi(X,F ⊗ α) > 0}
We say F is continuously globally generated (CGG for short) w.r.t. a if the sum
of the evaluation maps
evU : ⊕α∈UH
0(F ⊗ α)⊗ (α−1)→ F
is surjective for any non-empty open set U ⊂ Aˆ.
Proposition 2.3 ([PP] Thm. 5.1). An M-regular sheaf on an abelian variety is
CGG.
Proposition 2.4. Let F be a sheaf on an abelian variety A of dimension d.
(i) If F is M-regular, then there is a natural surjection
(−1)∗AR
dΨPR
0ΦPF → F .
(ii) F is IT 0 if and only if RΦPF ∼= R0ΦPF .
Proof. (i) By assumption, for j > 0, codim
Aˆ
SuppRjΦPF > j ([PP] Prop. 2.1),
thus
♣ : RiΨPR
jΦPF = 0 if j 6= 0 and i + j ≥ d.
By (−1)∗ARΨPRΦP(a∗ωX)
∼= a∗ωX [−d] (Theorem 2.1), applying Leray spectral
sequence gives that
Ei,j2 := (−1)
∗
AR
iΨPR
jΦPF ⇒ H
i+j(F [−d]).
Since ♣, we have that
• Ei,j∞
∼= 0 for i+ j = d and (i, j) 6= (d, 0), thus Ed,0∞
∼= F ; and
• dd,0r : E
d,0
r → E
d+r,−r+1
r = 0 is zero for r ≥ 2, thus there is a surjection
Ed,02 = (−1)
∗
AR
dΨPR
0ΦPF → E
d,0
∞ .
4 LEI ZHANG
Then we conclude a natural surjection
(−1)∗AR
dΨPR
0ΦPF → F .
(ii) The direction “only if” follows from applying [Har] Cor. 12.9. For the other
direction, note that for every α ∈ Pic0(A) and i > d the natural map RiΦPF ⊗
C(α)→ Hi(A,F ⊗α) = 0 is surjective, and if RΦPF ∼= R0ΦPF , then RiΦPF = 0
for i > 0. Then applying [Har] Cor. 12.11 (b), we can prove the direction “if” by
induction. 
Corollary 2.5. Let a : X → A be a generically finite morphism from a smooth
projective variety to an abelian variety. Suppose that dimX = dimA = d ≥ 2,
a∗ : Pic0(A) → Pic0(X) is an embedding, and for i > 0, V i(ωX , a) is composed of
at most some isolated points. Then there exists an exact sequence
(−1)∗AR
dΨPR
0ΦP(a∗ωX)→ a∗ωX → ωA → 0.
Proof. By assumption we have a splitting (cf. for example [CV] Prop. 1.2)
a∗ωX ∼= ωA ⊕F .
Then by RΦP(a∗ωX) ∼= RΦPωA ⊕ RΦPF and RdΦP(a∗ωX) ∼= RdΦPωA ∼= C(0ˆ)
(Proposition 6.1 in [BLNP]), we find that
RiΦP(a∗ωX) ∼= R
iΦPF for i = 0, 1, ..., d− 1 and R
dΦPF = 0.
Therefore, F is M-regular, and there is a surjection by Proposition 2.4 (i)
(−1)∗AR
dΨPR
0ΦP(a∗ωX) ∼= (−1)
∗
AR
dΨPR
0ΦPF → F .
Then naturally it follows the exact sequence
(−1)∗AR
dΨPR
0ΦP(a∗ωX)→ a∗ωX → ωA → 0

Applying Theorem 2.1 and Proposition 2.4 (ii), we get (see [Zh] Cor. 2.2 for
details)
Corollary 2.6. Let A be an abelian variety of dimension d, E an IT 0-vector bundle
on A. Then RΦPE is a vector bundle on Aˆ, and its dual (RΦPE)
∗ is an IT 0-vector
bundle such that
RΨP((RΦPE)
∗) ∼= E∗ ∼= ((−1)∗AR
dΨP((R
0ΦPE)))
∗.
2.2. Generic vanishing theorem. Recall generic vanishing theorem due to Green
and Lazarsfeld:
Theorem 2.7 ([GL1], [GL2]). Let X be a smooth compact ka¨hler manifold with
dimX = n and dimalbX(X) = k. Then
(i) codimPic0(X)V
i(ωX , albX) ≥ k − n+ i.
(ii) Let Z be a component of V i(ωX , albX) of positive dimension. Then Z is
a subtorus of Pic0(X), and there exists an analytic variety Y of dimension
≤ n − i and a dominant map f : X → Y such that Z ⊂ α + f∗Pic0(Y )
where α is torsion.
(iii) Y has maximal Albanese dimension.
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(iv) Let α ∈ V i(ωX , albX) and v ∈ H1(OX) = TαPic
0(X). The derived com-
plex below
Hn−i−1(α−1)
∪v
// Hn−i(α−1)
∪v
// Hn−i+1(α−1)
is exact if v is not contained in the tangent cone TCαV
i(ωX , albX) to
V i(ωX , albX) at α.
Corollary 2.8. Let X be a smooth projective variety of m.A.d. and of dimension
d. Then
(i) hi(X,ωX ⊗ α) = hi(Alb(X), (albX)∗ωX ⊗ α) for α ∈ Pic
0(X), i ≥ 0, and
(albX)∗ωX is a GV-sheaf, thus
V 0(ωX , albX) ⊃ V
1(ωX , albX) ⊃ · · · ⊃ V
d(ωX , albX);
(ii) RΦP((albX)∗OX)[d] ∼= RdΦP((albX)∗OX) is a sheaf, which we denote by
ÔX ;
(iii) RiΦP((albX)∗ωX) ∼= (−1)∗Pic0(X)Ext
i(ÔX ,OPic0(X));
(iv) pg(X) > χ(ωX).
Proof. By Kolla´r’s results ([Ko1] Thm. 2.1, [Ko2] Thm. 3.1), we have that
R(albX)∗ωX ∼=
∑
i
Ri(albX)∗ωX [−i]
and Ri(albX)∗ωX is torsion free if restricted to the Albanese image albX(X). We
conclude that Ri(albX)∗ωX = 0 for i > 0 since albX is generically finite, hence
R(albX)∗ωX ∼= (albX)∗ωX . Using Grothendieck duality and projection formula,
the assertions (i), (ii) and (iii) follow from Theorem 2.7. See [Ha] Thm. 1.5, 4.1
and Cor. 3.2 for the details.
For (iv), take a general v ∈ H1(OX) = T0ˆPic
0X . Theorem 2.7 (iv) tells that the
derived complex Dv is exact
0 // H0(OX)
∪v
// H1(OX)
∪v
// · · ·
∪v
// Hn−1(OX)
∪v
// Hn(OX)
This implies that the cokernel of the right-most map is a linear space of dimension
χ(ωX) = (−1)nχ(OX). Since X is of m.A.d., the right-most map is non-zero.
Therefore, pg(X) = h
n(OX) > χ(ωX). 
Remark 2.9 ([EL] Remark 1.6). If replacing the Albanese map by a generically
finite morphism to an abelian variety a : X → A and replacing Pic0(X) by Pic0(A),
then the evident analogues of the results in Corollary 2.8 hold.
Proposition 2.10. Let a : X → A be a generically finite morphism from a smooth
projective variety onto an abelian variety A. Suppose that χ(ωX) > 0. Then for
any n > 0 the pluri-canonical map φnKX does not factor through a rationally.
Proof. We only need to consider the canonical map. Since X is of m.A.d., we have
pg(X) > 1 by Corollary 2.8 (iv), and thus the canonical map φKX is not constant.
Assume to the contrary that φKX = g ◦ a where g : A 99K P
pg(X)−1. By blowing
up X and A, we get a birational model of g ◦ a : X → A 99K Ppg(X)−1
g˜ ◦ a˜ : X˜ → A˜→ Ppg(X)−1
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such that both g˜ and a˜ are morphisms and
|KX˜ | = (g˜ ◦ a˜)
∗|O
P
pg(X)−1 (1)|+ F = a˜
∗|M |+ F where |M | = g˜∗|O
P
pg(X)−1 (1)|
Denote by R˜ the ramification divisor of g˜ : X˜ → A˜. Then KX˜ ≡ R˜+ a˜
∗E where
E is an effective divisor on A˜ exceptional w.r.t. the blowing up map A˜ → A. So
there exists M ∈ |M | such that R˜+ a˜∗E − a˜∗M is an effective divisor. Notice that
M is not contained in E. We get a contradiction by the property of the ramification
divisor. 
Definition 2.11 ([Ca] Def. 1.24). Let X be an irregular variety of m.A.d.. It is
called primitive if V i(ωX , albX) is composed of at most finitely many points for
i > 0.
2.3. Characterization of a theta divisor. Imitating the proof of [BLNP] Prop.
3.1, we can prove
Proposition 2.12. Let X be a smooth projective variety of general type equipped
with a generically finite morphism a : X → A to an abelian variety A. Suppose that
(i) dim V 1(ωX , a) = 0;
(ii) dimX < dimA and a∗ : Pic0(A)→ Pic0(X) is an embedding; and
(iii) χ(X,ωX) = 1.
Then A is a p.p.a.v., and a : X → A birationally maps X to a theta divisor on A.
Corollary 2.13. Let X and a : X → A be as in Proposition 2.12. Assume (i), (ii)
in Proposition 2.12 and
(iii)’ for α ∈ U0 := Aˆ \V 1(ωX , a), |ωX ⊗α| = |M |+Fα where M is the movable
part which is independent of α and Fα is the fixed part.
Then A is a p.p.a.v., and a : X → A birationally maps X to a theta divisor on A.
Proof. Assumption (iii)’ implies that B := {(x, α) ∈ X ×U0|x ∈ Fα} is a divisor in
X×U0. Denote by Y¯ the closure of B inX×Aˆ. Noticing that codimAˆV
1(ωX , a) ≥ 2,
by the see-saw principle we have ([BLNP] Lemma 5.2)
Y¯ ≡ p∗1ωX(−M)⊗ Pa ⊗ p
∗
2OAˆ(Y¯p)
where p ∈ X is a point mapped to 0 ∈ A via a.
With these settings, by similar argument as in [BLNP] Lemma 5.3, we can show
that χ(X,ωX) = 1. Then we are done by Proposition 2.12. 
2.4. Universal divisors and separation. Recall the following results from [Zh]
Sec. 3.
Theorem 2.14 ([Zh] Theorem 2.10). Let X and Y be two projective normal va-
rieties, and L a line bundle on X × Y . Assume E = (p2)∗L is a vector bundle
and put P = PY (E). Note that there exists an open set U ⊂ P parametrizing the
divisors in |Ly|, y ∈ Y . Denote by D ⊂ X×U the universal family. Then its closure
D¯ ⊂ X × P is a divisor, and
D¯ ≡ p∗L ⊗ q∗OP (1)
where p, q denote the two projections p : X × P → X × Y , q : X × P → P .
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Let E be an IT 0-vector bundle on an abelian variety A. Then RΦPE is a vector
bundle Aˆ. Its dual (RΦPE)
∗ is an IT 0-vector bundle, and RΨP(RΦP(E)
∗) ∼= E∗
(cf. Corollary 2.6).
Let P = PA(E
∗), Pˆ = P
Aˆ
(RΦP(E)), and denote by π : P → A and πˆ : Pˆ → Aˆ
the natural projections. Note that
(p2)∗(p
∗
1OP (1)⊗ (π× idAˆ)
∗P) ∼= RΦP(E) and (p1)∗(p
∗
2OPˆ (1)⊗ (idA× πˆ)
∗P) ∼= E∗.
We can identify Pˆ (resp. P ) with the Hilbert scheme parametrizing the divisors in
{|OP (1)⊗α||α ∈ Pic
0(P ) = Aˆ} (resp. {|O
Pˆ
(1)⊗ αˆ||αˆ ∈ Pic0(Pˆ ) = A}). Denote by
U ⊂ P × Pˆ the universal family and by P˜ the pull-back (π × πˆ)∗P of the Poincare´
bundle on A× Aˆ. We have
• U ≡ p∗1OP (1)⊗ P˜ ⊗ p
∗
2OPˆ (1) (by Theorem 2.14);
• identifying a divisor in |OP (1) ⊗ α|, α ∈ Aˆ with a point in Pˆ , for every
x ∈ P , the fiber Ux parametrizes all those divisors passing through x;
• for x, y ∈ P , Ux ≡ Uy ⇔ π(x) = π(y), and Ux = Uy ⇔ x = y.
We can write that
(2.1) Ux = Hx + Vx and Vx = V
1
x + · · ·+ V
r
x
where Hx is the horizontal part (if rank(RΦP(E)) = 1 then Hx = ∅), Vx = πˆ∗Vx is
the vertical part (Vx = ∅ if Ux is irreducible), and the V ix = πˆ
∗V ix ’s are the reduced
and irreducible vertical components (two of them may equal). In fact there is a
decomposition U = H+ V such that for general x ∈ P , Ux = Hx + Vx.
Lemma 2.15 ([Zh], Lemma 3.3). Let x, y ∈ P be two distinct points. Write that
Ux = Hx + Vx and Uy = Hy + Vy as in 2.1. Then the following conditions are
equivalent
(a) |OP (2)| fails to separate x, y;
(b) Hx = Hy and Supp(Vx + (−1)∗AˆVx) = Supp(Vy + (−1)
∗
Aˆ
Vy).
3. The maps between two irregular varieties
Here we give a theorem comparing the Euler numbers of two varieties of m.A.d.
and equipped with a generically finite surjective morphism. Similar result has been
proved by Tirabassi with a stronger assumption ([Ti] Prop. 5.2.4). A weaker
version also appeared in [CLZ], where it is applied to study the automorphism
groups inducing trivial actions on cohomology of irregular varieties.
Theorem 3.1. Let π : X → Z be a generically finite surjective morphism between
two smooth projective varieties of m.A.d.. Then χ(ωX) ≥ χ(ωZ).
If moreover
(i) π is not birational;
(ii) π∗ : Pic0(Z)→ Pic0(X) is an embedding; and
(iii) gvi(ωX , aX) ≥ 1 for i = 1, 2, · · · , dimX − 1, where aX := albZ ◦ π : X →
Z → Alb(Z),
then χ(X,ωX) > χ(Z, ωZ).
Proof. By assumption we have a splitting π∗ωX ∼= ωZ ⊕ F . Since (aX)∗ωX is a
GV-sheaf on Alb(Z), the direct summand (albZ)∗F is also a GV-sheaf. Then
χ(Z,F) = χ(Alb(Z), (albZ)∗F) = h
0(Alb(Z), (albZ)∗F⊗α) ≥ 0 for general α ∈ Pic
0(Z),
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and it follows that
χ(X,ωX) = χ(Z, ωZ) + χ(Z,F) ≥ χ(Z, ωZ).
Now assume (i, ii, iii). Note that
(i) implies that F 6= 0;
(ii) implies that RdΦP((aX)∗ωX) ∼= RdΦP((albZ)∗ωZ) ∼= C(0ˆ) where d = dimX ,
thus RdΦP((albZ)∗F) = 0;
(iii) implies that gvi((albZ)∗F) ≥ 1 for i = 1, 2, · · · , dimX − 1.
So we conclude that (albZ)∗F is a non-zero M-regular sheaf. Since (albZ)∗F is
CGG (cf. Proposition 2.3), for general α ∈ Pic0(Z), we have
χ(Alb(Z), (albZ)∗F) = h
0(Alb(Z), (albZ)∗F ⊗ α) > 0.
As a consequence we get that
χ(X,ωX) > χ(Z, ωZ).

4. The bicanonical map
Assumption-Notation 4.1. Let X be a smooth projective variety of general type
and of m.A.d., with q(X) = dimX = d ≥ 2. Denote by a : X → A the Albanese
map, and assume A is simple, which implies that X is primitive. Suppose that the
bicanonical map φ : X 99K PP2(X)−1 is not birational.
4.1. The Fourier-Mukai transform of ωX .
Lemma 4.2. R0ΦPa(ωX)
∼= OAˆ(−Dˆ)
⊕χ(ωX ) where Dˆ is an ample divisor on Aˆ.
Proof. Let U0 = Aˆ\V 1(ωX , a) and Ba(x) = {α ∈ U0|x is a base point of |ωX⊗α|}.
Applying [BLNP] Theorem 4.13 gives that codim
Aˆ
Ba(x) = 1 for general x ∈ X .
Denote by Y¯ the divisorial part of the closure of B := {(x, α) ∈ X ×U0|α ∈ Ba(x)}
in X × Aˆ. We conclude that for α ∈ U0, |ωX ⊗ α| = |Mα|+ Fα, where |Mα| is the
movable part and Fα = Y¯α is the fixed part. As in [BLNP] Sec. 5.1, we define a
map f : Aˆ → Aˆ. Since Aˆ is simple, we conclude that f = id
Aˆ
by [BLNP] Lemma
5.1 (a). As a consequence |Mα| is independent of α., i.e.,
|ωX ⊗ α| = |M |+ Fα
By [BLNP] Lemma 5.2, we have
Pa ∼= OX×Aˆ(Y¯)⊗ p
∗
1(ω
−1
X ⊗M)⊗ p
∗
2OAˆ(−Dˆ)
where Dˆ is a fiber Y¯p for some p ∈ X . Then there is an exact sequence
0→ P−1a → p
∗
1(ωX ⊗M
−1)⊗ p∗2OAˆ(Dˆ)→ p
∗
1(ωX ⊗M
−1)⊗ p∗2OAˆ(Dˆ)|Y¯ → 0
Applying Rd(p2)∗ to the sequence above, we obtain the following exact sequence
(4.1) 0→ τ → (−1)∗
Aˆ
ÔX → OAˆ(Dˆ)
⊕χ(ωX ) → τ ′ → 0
where
(a) The rank χ(ωX) in the third term appears because h
d(ωX ⊗ M−1) =
h0(M) = χ(ωX).
(b) τ ′ is supported at the locus of the α ∈ Aˆ such that the fiber Y¯α of the pro-
jection p2 : Y¯ → Aˆ has dimension d. Such locus is contained in V 1(ωX , a),
hence consists of finitely many torsion points.
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(c) Since (−1)∗
Aˆ
ÔX (cf. Corollary 2.8 (ii)) also has rank χ(ωX), the kernel
of the map (−1)∗
Aˆ
ÔX → OAˆ(Dˆ)
⊕χ(ωX ) is the torsion part τ ∼= C(0ˆ) of
(−1)∗
Aˆ
ÔX (cf. [BLNP] Prop. 6.1).
(d) Note that RΨP(τ
′), RΨP(τ) and RΨP((−1)
∗
Aˆ
ÔX) ∼= a∗OX (by Theorem
2.1) are all sheaves on A. Applying RΨP to Sq. 4.1, then by using spectral
sequence we conclude that RΨP(OAˆ(Dˆ)
⊕χ(ωX )) is also a sheaf, hence Dˆ is
an ample divisor on Aˆ.
Note that
Exti(O
Aˆ
(Dˆ)⊕χ(ωX ),O
Aˆ
) = 0 if i 6= 0 and Exti(τ,O
Aˆ
) = Exti(τ ′,O
Aˆ
) = 0 if i 6= d.
Recall that RiΦPa(ωX)
∼= (−1)∗
Aˆ
Exti(ÔX ,OAˆ) (cf. Corollary 2.8 (iii)). Applying
Ext(−,O
Aˆ
) to (4.1), by using spectral sequence, we conclude that
R0ΦPa(ωX)
∼= (−1)∗
Aˆ
Ext0(ÔX ,OAˆ)
∼= OAˆ(−Dˆ)
⊕χ(ωX )

4.2. The universal divisor. Since Dˆ is an ample divisor on Aˆ, O
Aˆ
(Dˆ)⊕χ(ωX ) is
an IT 0-vector bundle, using Corollary 2.6, we have that the sheaf
E := (−1)∗AR
dΨPR
0ΦPa(ωX)
∼= (−1)∗AR
dΨP(OAˆ(−Dˆ)
⊕χ(ωX )) ∼= (RΨP(OAˆ(Dˆ)
⊕χ(ωX )))∗
is an IT 0-vector bundle such that R0ΦP(E) = R
0ΦPa(ωX). By Corollary 2.5, E
fits into the following exact sequence
(4.2) E → a∗ωX → ωA → 0.
Let
Pˆ = P
Aˆ
(R0ΦPa(ωX)) = PAˆ(R
0ΦP(E)) ∼= Aˆ× P
dim |M| and P = PA(E
∗).
Then Pˆ is one component of the Hilbert scheme parametrizing the divisors in
|KX ⊗ α|, α ∈ Aˆ. We denote by K ⊂ X × Pˆ the universal family (cf. Theorem
2.14). Let the notation P˜ , U , π and πˆ be as in Sec. 2.4. By the proof of Lemma
4.2, for pˆ = (α,M) ∈ U0 × Pdim |M| ⊂ Pˆ , where M ∈ |M |, we have
Kpˆ = Y¯α +M.
So (idX × πˆ)∗Y¯ ⊂ K, and we can write that
(4.3) K = H + (idX × πˆ)
∗Y¯ .
Fact 4.3. (a) If H is non-empty (i.e., χ(X,ωX) > 1), then it is dominant over
Pˆ , and for pˆ = (α,M) ∈ Pˆ , Hpˆ =M ;
(b) for general x ∈ X, Hx = Aˆ×Hx ⊂ Aˆ×Pdim |M| where Hx is the hyperplane
in Pdim |M| parametrizing all the divisors in |M | passing through x;
(c) for the divisor Y¯, denoting by V the sum of all the components dominant
over X, then Y¯ = V + p∗1F where F ⊂ X is the common fixed part of all
Fα, α ∈ U0;
(d) for a general point x ∈ X \ F , Yx = Vx ≡ OAˆ(Dˆ)⊗ Pa(x).
Let P˜a = (a× πˆ)∗P . By Theorem 2.14, we have
K ≡ p∗1ωX ⊗ P˜a ⊗ p
∗
2OPˆ (1) and U ≡ p
∗
1OP (1)⊗ P˜ ⊗ p
∗
2OPˆ (1).
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Observe that for a general x ∈ X , the fiber Kx is a divisor on Pˆ linearly equivalent
to O
Pˆ
(1) ⊗ πˆ∗Pa(x), hence is a fiber of U → P . We can define a rational map
relative over A
h : X 99K P via x 7→ Kx,
Assume that h is a morphism by blowing up X . There exists an open set U ⊂
X such that the restriction K|U×Pˆ = (h × idPˆ )
∗U|U×Pˆ . Since U is flat over P ,
(h× id
Pˆ
)∗U is the closure of (h× id
Pˆ
)∗U|
U×Pˆ in X × Pˆ , thus (h× idPˆ )
∗U ⊂ K.
Fact 4.4. (1) Using the see-saw principle, K = (h× id
Pˆ
)∗U ⊗ p∗1OX(G) where
G is an effective divisor on X such that h∗OP (1) +G ≡ ωX.
(2) We have a natural homomorphism ⊗s : h∗OP (1)→ ωX where s ∈ H0(X,OX(G))
is a section with zero locus G, then pushing forward gives a homomorphism
a∗h
∗OP (1)→ a∗ωX .
(3) The relative map h : X/A → P/A is induced by the homomorphism E =
π∗OP (1)→ a∗h∗OP (1).
(4) The composite homomorphism E → a∗h
∗OP (1) → a∗ωX coincides with
the natural homomorphism E → a∗ωX in (4.2) up to multiplication by a
non-zero constant.
We explain (4). Since E is CGG, the composite homomorphismE → a∗h
∗OP (1)→
a∗ωX is determined by its Fourier-Mukai transform λ : R
0ΦPE → R0ΦP(a∗h∗OP (1))→
R0ΦP(a∗ωX). By abuse of notation, we also use U and K for the line bundles on
P × Pˆ and X × Pˆ linearly equivalent to U and K respectively. Then with the
corresponding terms being isomorphic, we have that λ coincides with the following
natural composite homomorphism
λ′ : πˆ∗(p2)∗(U⊗p
∗
2OPˆ (−1))→ πˆ∗(p2)∗((h×idPˆ )
∗U⊗p∗2OPˆ (−1))→ πˆ∗(p2)∗(K⊗p
∗
2OPˆ (−1)).
We can see that λ′ coincides with the Fourier-Mukai transform of E → a∗ωX in
(4.2) up to multiplication by a non-zero constant, then (4) follows.
Lemma 4.5. If deg(a) > 2, then h : X → P is an embedding generically, which
means that for two general distinct points x, y ∈ X, Kx 6= Ky.
Proof. By Fact 4.4 (3, 4), the degree of the restriction map π|h(X) : h(X) → A is
≥ rank(E → a∗h∗OP (1)) ≥ deg(a) − 1. Then we have deg(h) ≤
deg(a)
deg(a)−1 , and the
assertion follows easily by assumption. 
4.3. The Euler number χ(X,ωX).
Proposition 4.6. V is irreducible.
Proof. We argue by contradiction. Suppose that V = V1 + V2 is reducible. Note
that both V1 and V2 are dominant over X and Aˆ. Fixing a general α0, we define
two maps ιi : Aˆ → Aˆ via α 7→ V iα − V
i
α0
with V iα − V
i
α0
identified as an element
in Aˆ = Pic0(X), which extend to two morphisms. We claim that neither of the
two maps are constant. Indeed, say, if ι1 is constant, then for a general α ∈ Aˆ
V1α ≡ V
1
α0
and V1α 6= V
1
α0
, so V1α + V
2
α0
≡ V1α0 + V
2
α0
∈ |Vα0 |, contradicting that
Vα0 is contained in the fixed part of |ωX ⊗ α0|. Therefore, both ι1 and ι2 are
surjective since Aˆ is simple. For general α ∈ Aˆ, there exist α1, α2 ∈ Aˆ such that
ι1(α1) = α, ι2(α2) = α
−1. Then we conclude that
Vα0 = V
1
α0
+ V2α0 ≡ V
1
α1
+ V2α2
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which contradicts that Vα0 is contained in the fixed part of |ωX ⊗ α0| again. 
Theorem 4.7. The Euler number χ(ωX) = 1.
Proof. We argue by contradiction. Suppose that χ(ωX) ≥ 2. So for general α ∈
Pic0(X), the movable part |M | of |ωX ⊗ α| is non-trivial. By taking two different
general elementsM1,M2 ∈ |M |, we define a rational map f : X 99K P1, and assume
that f is a morphism by blowing up X . Let f = π ◦ g : X → Y → P1 be the Stein
factorization.
Since A is simple and dimA ≥ 2, we conclude that Y is a rational curve. Take
a general fiber M ′ of g : X → Y . Then M ′ is smooth, M ≡ kM ′ for some integer
k > 0, and the restriction map of the bicanonical map φ|M ′ is not birational.
We claim that M ′ is not birational to a theta divisor on a p.p.a.v.. Indeed,
otherwise we have q(M ′) = dimM ′+1 = dimX , thus q(X) = q(M ′)+ q(Y ). Then
X is birational toM ′×P1 by Theorem 5.2, contradicting that X is of general type.
It is reduced to prove that
Claim 4.8. M ′ is birational to a theta divisor on a p.p.a.v..
Proof of the claim: We break the proof into 3 steps.
Step 1: Consider the line bundle ωX(M
′). For general x ∈ X , we define the
locus B′x := {α ∈ Aˆ|x is a base point of |ωX(M
′)⊗ α|}. Then codim
Aˆ
B′x = 1.
Assume to the contrary that codim
Aˆ
B′x > 1. Then take two general distinct
points x, y ∈ X such that |2KX | fails to separate them. We can see that every
M ∈ |M | containing x must contain y, thus Hx = Hy by Fact 4.3 (b).
We claim that Vx = Vy, as a consequence Kx = Ky and a(x) = a(y) by Fact 4.3
(d). Indeed, if not, we can choose α ∈ Aˆ contained in Vx while not in Vy such that
−α is not contained in B′y since codimAˆ(B
′
y) > 1. It follows that Vα contains x but
not y, and there exists D ∈ |ωX(M ′) ⊗ α−1| which does not contain y. Taking a
divisorM ′ ∈ |M ′| not containing y, then the divisor Vα+D+(k−1)M ′+F ∈ |2KX |
contains x but not y (where F is introduced in Fact 4.3 (c)), a contradiction.
Then we obtain a contradiction by Proposition 2.10 if deg(a) = 2, and by Lemma
4.5 if deg(a) > 2.
Step 2: |ωX(M ′)⊗ α| = |H |+ F ′α, where the movable part H is independent of
general α ∈ Aˆ.
Since codim
Aˆ
B′x = 1 for general x ∈ X , similarly as in the proof of Lemma 4.2
we get a divisor Y¯ ′ dominant over Aˆ, such that |ωX(M ′) ⊗ α| = |Hα| + F ′α for
general α ∈ Aˆ, where |Hα| is the movable part and F ′α = Y¯
′
α is the fixed part. Since
|M ′| is base point free, we have F ′α ≤ Fα, i.e., Y¯
′
α ≤ Y¯α. There exists a non-empty
open set U ⊂ Aˆ such that, the restriction Y¯ ′|X×U ≤ Y¯|X×U , thus Y¯ ′ ≤ Y¯ because
they are the closure of Y¯ ′|X×U and Y¯|X×U in X × Aˆ respectively. Denote by V ′
the sum of the components of Y¯ ′ dominant over X . We have V ′ ≤ V , thus V ′ = V
by Proposition 4.6. Denote by F ′ the common fixed part of |ωX(M ′)⊗α|. We can
see that Hα ≡ ωX(M ′ − Vα − F ′) ⊗ α is independent of general α ∈ Aˆ. Setting
F ′α = Vα + F
′, then we are done.
Step 3: Tensoring the following exact sequence
0→ ωX → ωX(M
′)→ ωM ′ → 0
with α ∈ U0 and taking cohomology, we conclude that the restriction mapH0(X,ωX(M ′)⊗
α)→ H0(M ′, ωM ′ ⊗α) is surjective since H
1(X,ωX ⊗α) = 0. Then by |ωX(M
′)⊗
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α| = |H |+ F ′α, we have that
|ωM ′ ⊗ α| = |H ||M ′ + F
′
α|M ′
By assumption that A and Aˆ are simple, they have no proper subtorus of positive
dimension, we conclude that A is generated by the translates through the origin of
a(M ′), and dimV 1(ωM ′ , a|M ′) = 0 by generic vanishing theorem.
The restriction morphism a|M ′ : M ′ → A factors through a morphism to an
abelian variety aM ′ :M
′ → AM ′ , where AM ′ is the dual of the image of the natural
map (a|M ′ )∗ : Pic
0(A) → Pic0(M ′). So (aM ′)∗ : Pic
0(AM ′ ) → Pic
0(M ′) is an
embedding. Write that a|M ′ = η◦aM ′ :M ′ → AM ′ → A. Then η is finite, and thus
η∗ : Pic0(A)→ Pic0(AM ′) is an epimorphism. So V 1(ωM ′ , aM ′) = η∗V 1(ωM ′ , a|M ′)
is of dimension 0. Applying Corollary 2.13 to aM ′ : M
′ → AM ′ shows that M
′ is
birational to a theta divisor. 
Remark 4.9. To prove χ(X,ωX) = 1, the simplicity of Alb(X) is necessary by
Example 4.12.
4.4. The degree of the bicanonical map. χ(X,ωX) = 1 implies thatR
0ΦPa(ωX)
∼=
O
Aˆ
(−Dˆ) is a line bundle, and Pˆ = A. By Fact 4.3, we have that K = Y¯, and for
x ∈ X \ F , Kx = Y¯x = Vx. Write that Vx = V 1x + ...+ V
r
x as in Sec. 2.4.
Theorem 4.10. Let the notation be as above. Then deg(φ) ≤ 2r.
Proof. By Lemma 2.15, if x, y ∈ P are two distinct points such that |OP (2)| fails
to separate them, then Hx = Hy and
Vy = ((−1)
ǫ1
Aˆ
)∗V 1x + · · ·+ ((−1)
ǫr
Aˆ
)∗V rx , for some ǫi ∈ {0, 1}, i = 1, 2, ..., r
which has 2r possibilities.
If deg(h) = 1, then we are done since h∗|OP (2)| ⊂ |2KX |.
If deg(h) > 1, then deg(a) = 2 by Lemma 4.5, and thus a and h are birationally
equivalent. The assertion follows by combining the two facts that the restriction of
|OP (2)| on h(X) defines a map of degree ≤ 2r and that the bicanonical map does
not factor through a rationally (cf. Proposition 2.10). 
Theorem 4.11. |2KX | separates the points over the same general point on A.
Proof. Consider the diagonal map (a × φ) : X 99K A × PP2(X)−1. We can assume
this map is a morphism by blowing up X , and denote by Z the image. If the
theorem is not true, then X → Z is not birational. Note that a factors through
(a × φ) : X → Z, so (a × φ)∗ : Pic0(Z) → Pic0(X) is an embedding. Since
χ(ωX) = 1, Theorem 3.1 implies that χ(ωZ) = 0, so Z is birational to A ([BLNP],
Prop. 4.10). Therefore, (a× φ) : X → Z is birational to a : X → A, and φ factors
through a rationally. However, this contradicts Proposition 2.10. 
4.5. Remarks and an example. We remark the following:
(1) V is irreducible (Proposition 4.6), it is expected that Vx is irreducible for
general x ∈ X . If this is true, then by Theorem 4.10, the bicanonical map φ is
of degree 2. Precisely, using the idea of [Zh], we know that φ factors through an
involution σ, and up to a translate on A, the quotient map X → X/(σ) fits into
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the following commutative diagram
X −−−−→ X/(σ)
a
y a′
y
A −−−−→ A/((−1)A)
(2) For a primitive variety X , if we do not assume A = Alb(X) is simple, then
R0ΦPaωX
∼= (E(D))∗ where E is a vector bundle and D is a divisor on Pic0(X) (cf.
[BLNP] proof of Lemma 5.3). Assume that E(D) is an IT 0-vector bundle. Then
E = (R0ΨPE(D))∗ is an IT 0-vector bundle on A. Similarly we can define P, Pˆ ,K
and V . For general x ∈ X , if Vx = πˆ∗(V 1x + · · · + V
r
x ) as before, then by similar
argument we can prove deg(φ) ≤ 2r. This bound is analogous to [Zh] Corollary
3.4, and is optimal (cf. Example 4.12). Stimulated by [Zh] Theorem 1.2 and 3.5, it
is expected that A is decomposable if r > 1 (Example 4.12 provides an evidence).
So it is possible to give an upper bound to deg(φ) relying on the numbers of the
factors of A.
Example 4.12. Let
• (Ai,Θi), i = 1, 2, · · · , r be r simple p.p.a.v. and Ar+1 a simple abelian
variety;
• A = A1 ×A2 × · · · ×Ar ×Ar+1;
• B = p∗1B1 + · · · + p
∗
rBr + p
∗
r+1Br+1 where Bi ∈ |2Θi| is a smooth divisor
on Ai for i = 1, 2, · · · , r and Br+1 ≡ 2Dr+1 is a smooth very ample divisor
on Ar+1;
• Y → A the double cover given by the relation 2L ≡ B where L is a line
bundle linearly equivalent to p∗1Θ1 + · · ·+ p
∗
rΘr + p
∗
r+1Dr+1;
• X → Y a smooth resolution.
Note that Y has at most canonical singularities since B is a reduced simple normal
crossing divisor. We denote by π : X → Y → A the composed map which coincides
with the Albanese map.
Immediately we have
(i) ωX ≡ π∗L, thus π∗ωX ∼= ωA ⊕ L and X is primitive;
(ii) π∗ω
2
X
∼= L⊕OA(B), and the linear system |B| defines a morphism of degree
2r on A;
(iii) E ∼= L is a line bundle, P = A and RΦPE is a vector bundle of rank
χ(X,ωX) = χ(Ar+1,OAr+1(Dr+1)).
We can prove that (with details left to readers)
(1) for general x ∈ X, Kx = Hx+V1x+V
2
x+ · · ·+V
r
x where V
i
x is the pull-back of
the divisor on Aˆi parametrizing the theta divisors passing through pi(π(x))
via the projection Pˆ → Aˆ→ Aˆi for i = 1, 2, · · · , r;
(2) the degree of the bicanonical map of X is 2r.
5. Appendix: An inequality on the fibrations of irregular varieties
Let f : S → C be a fibration of a smooth surface and F a general fiber. Beauville
proved that q(S) ≤ q(F ) + q(C); and if q(F ) ≥ 2, then the equality is attained if,
and only if S is birational to C × F ([Beau]).
For arbitrary dimensional case, we have
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Theorem 5.1. Let f : X → Y be a fibration between two smooth projective varieties
and F a general fiber. Then q(X) ≤ q(Y ) + q(F ), and the kernel of the restriction
map r : Pic0(X) → Pic0(F ) contains f∗Pic0(Y ), as the whole component passing
through the identity point 0ˆ ∈ Pic0(X).
Proof. The inequality has been proved in [CH1] Cor. 3.5 for Iitaka fibration. We
use the notation in [CH1] Lemma 2.6 and Cor. 3.5 for convenience. Noticing that
the natural map A(Xy) → J is surjective by the proof of [CH1] Lemma 2.6, the
inequality q(X) ≤ q(Y ) + q(F ) is obtained by applying the proof of [CH1] Cor. 3.5
straightforwardly. The remaining assertion follows from [CH1] Lemma 2.6 iii).
Another approach is using Beauville’s argument ([Beau]) and [Lan] Chap. VIII
Theorem 13. 
Theorem 5.2. Let f : X → Y be a fibration between two smooth projective vari-
eties. Suppose that for general y ∈ Y , Alb(Xy) is a p.p.a.v., the general fiber Xy is
birational to a theta divisor Fy ⊂ Alb(Xy), and that q(X) = q(Xy) + q(Y ). Then
Alb(Xy) is isomorphic to a p.p.a.v. A independent of general y ∈ Y , Fy ∼= F where
F is a theta divisor on A, and X is birational to F × Y .
Proof. By Theorem 5.1 and the assumption q(X) = q(Xy) + q(Y ), the restriction
map Pic0(X)/f∗Pic0(Y )→ Pic0(Xy) is an epimorphism between two abelian vari-
eties of the same dimension, and the kernel consists of finitely many torsion points
which is independent of general y. Then we can see that Pic0(Xy) is independent of
general y up to isomorphisms, so is its dual Alb(Xy). We can assume Alb(Xy) ∼= A,
and A has a theta divisor F such that Fy ∼= F .
Note that f : X → Y has a birational model f ′ : X ′ → Y such that the
general fibers are all isomorphic to F . Take an equivariant resolution f˜ : X˜ → Y
of f ′ : X ′ → Y ([Ka] p.14), whose general fibers are smooth and isomorphic to
each other. Let F˜ be a general fiber of f˜ . Since F˜ is of general type, using [Le]
Proposition 1, we know that f˜ : X˜ → Y is birational to (F˜ × Z)/G → Z/G,
where G is a finite group and the action of G on the product F˜ × Z is compatible
with the actions on each factor. The action G on F˜ descends to F , and since
q(X) = q(F ) + q(Y ), G induces a trivial action on H1(F,OF ).
If we can show G acts on F trivially, then we are done. From now on fix the
Albanese map a : F → A, and take σ ∈ G. By the universal property of Albanese
maps, we obtain the following commutative diagram
F
a

σ
// F
a

A
σ˜
// A
i.e., σ extends to an isomorphism σ˜ of A fixing F .
Since σ acts trivially on H1(F,OF ), σ˜ acts trivially on H1(A,OA), so it is
nothing but a translate ta for some a ∈ A. Since F is a theta divisor, the morphism
φF : A→ Pic
0(A) via a′ 7→ t∗a′F − F is an isomorphism. Then since σ˜ fixes F , we
have t∗aF = F , thus a = 0, this means σ is identity. 
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